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Abstract

We present a de-coupled approach for computational modeling of liquid droplets moving on
rough substrate surfaces. The computational model comprises solving the membrane defor-
mation problem and the fluid flow problem in a segregated manner. The droplet shape is
first computed by solving the Young-Laplace equation where contact constraints, due to the
droplet-substrate contact, are applied through the penalty method [1]. The resulting configura-
tion constitutes the domain for the fluid flow problem, where the bulk fluid behavior is modeled
by the unsteady Stokes’ flow model expressed in Arbitrary Lagrangian-Eulerian (ALE) frame-
work. The entire analysis is performed in the framework of Finite Element Method (FEM).
Application of the approach to the case of a droplet moving on a rough surface is presented as
an example..

1 Introduction

The interest in developing self-cleaning surfaces has recently increased by many folds, in both
industrial and research domains. This greatly motivates deeper understanding of the underlying
mechanism, specifically from the perspective of structural deformation and fluid dynamics. The
physical mechanisms involved here include internal flow within the droplet, mechanics of the
droplet membrane, and contact between the droplet and the substrate surface. A de-coupled
approach was introduced in [2], where the deformed shape of the droplet is initially computed
for a static case, which is then used as a boundary for the steady fluid flow model. In this work,
we extend the model to investigate the unsteady fluid flow. Such an approach has the potential
to be applied to the case of droplets moving on substrate surfaces of flat or rough topography.

2 Governing Equations

2.1 Structural domain

Two types of surfaces are considered; the outer droplet surface modeled as a membrane, and the
rigid substrate surface. The droplet membrane is modeled using the Young-Laplace equation,

2Hγ = 4p, (1)
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where 2H = −∇S ·n is the mean curvature of the membrane, defined as the surface divergence
of the surface normal vector n [3], while γ is the surface tension of the fluid. For the quasi-static
case, the pressure difference across the surface interface 4p is defined as

4p = p− pc, p = p0 − ρgy (2)

where p is the internal fluid pressure acting on the membrane comprising the capillary pressure
p0, and the hydrostatic pressure ρgy, while pc is the outside contact pressure acting on the
contact surface. p0 is obtained from the incompressibility constraint,

gv = J − 1 = 0, (3)

where J :=detF is the determinant of the deformation gradient F, which governs the local
volume change of the fluid.
The contact pressure between the droplet surface and the substrate surface is obtained from
an impenetrability constraint [2]. The asperities of the rigid rough surface are mathematically
modeled as a set of idealized super-positioned exponential functions of the form,

y(x) = A exp
(
− (x− xo)2

h2

)
, (4)

with the amplitude A, width h, and the distance between each two consequent peaks xo.

2.2 Fluid Flow Model

Slow moving, small water droplets are the focus of this study. At such velocities and scales,
inertial effects can be neglected and the bulk fluid behavior can be considered to be governed by
the Stokes flow model. We consider a domain B ⊂ R2, with boundary ∂B = ∂vB ∪ ∂tB, where
∂vB represents the Dirichlet boundary, and ∂tB denotes the Neumann boundary. The Stokes
flow model then provides the following momentum balance for B,

ρ
∂v

∂t
− div[σ] = ρb, (5)

where ρ represents the fluid density, b represents the body forces acting on B and σ represents
the cauchy stress tensor. The incompressibilty constraint is imposed in a manner similar to
equation (3). The model is closed by the following initial and boundary conditions for the
velocity and the stress field,

v(x, to) = vo(x) ∀ x ∈ B (6)

v(xs, t) = v(xs, t) ∀ xs ∈ ∂vB at t > to, (7)

σ(xs, t) · n(xs, t) = t(xs, t) ∀ xs ∈ ∂tB at t > to, (8)

where vo is the velocity at the initial state t = to, while v and t are the imposed velocity and
traction on ∂B at any time t.
In-order to model a droplet moving on a substrate surface, moving and deforming boundaries
of B need to be accounted for. The Arbitrary Lagrangian Eulerian (ALE) approach provides
a framework where deforming boundaries can be conveniently and accurately represented. In
ALE[4], the frame of reference is attached to a referential frame Rχ with coordinates (χ, t)
while the material and the mesh are allowed deform with respect to Rχ. Equation (5) in ALE
framework is given as,

ρ
∂v

∂t

∣∣∣∣
χ

− ρ(v̂ ·∇)v − div[σ] = ρb, (9)

where ∂v
∂t

∣∣
χ

is the local acceleration measured in Rχ while v̂ is the velocity with which the
spatial grid deforms.

2



3 Numerical Results

A droplet sliding on a substrate surface with uniform roughness is modeled. The membrane
deformations and flow field variables are computed in a segregated manner. Equilibrium con-
figuration of the droplet is obtained first considering a quasi-static state. This configuration
corresponds to a prescribed initial droplet volume, imposed contact angle and predefined sur-
face roughness. For this purpose, a Finite Element (FE) formulation for the droplet contact
model [1] is used. The resulting configuration forms the spatial domain for the fluid-flow model.
A sliding droplet is modeled by employing velocity constraints as boundary conditions. We
consider here the special case of free-slip boundaries where the droplet slides across the rough
surface without any resistance. This is achieved by tracking each point on the droplet membrane
during the computation of membrane deformation and then applying:

v(xs, t) =
∆xs
∆t

=
xns − xn−1

s

tn − tn−1
∀ xs ∈ ∂B at t = tn (10)

The unsteady Stokes flow model is solved in the framework of FE Analysis using Q2/Q1 Taylor-
Hood elements. For the next time level, the quasi-static membrane solver is again employed to
compute the updated equilibrium configuration, while the fluid solver is advanced in time using
the Generalized α-method[5]. Velocity contours are plotted at various time levels for a droplet
of volume = 1.1πmm3 and contact angle = 180◦, sliding on a rough surface with average sliding
velocity vo (Fig.1).
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Figures

Figure 1: Contours for velocity magnitude with velocity vectors for a droplet sliding across a
rough substrate surface
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